Abstract. We study the asymptotic behaviour of the following nonlinear problem:
Introduction
In this paper we study the asymptotic behaviour, as h (∈ N) diverges, of a monotone problem defined in a domain Ω h of R n (n ≥ 2), whose boundary contains an oscillating part depending on h. The domain Ω h is composed of two parts: a fixed part Ω − , which is a parallelepiped with sides parallel to the coordinate planes, and a part Ω The set Ω + h is defined as follows: let C h be a cylinder rescaled from a fixed one C by a h −1 -homothety in the first n − 1 variables. Then Ω + h is the union of such cylinders distributed with h −1 -periodicity in the first n − 1 directions x 1 , · · · , x n−1 . The lower bases of these cylinders lie on the upper side Σ of Ω − (see Figs. 1 and 2 for the case n = 2 and n = 3 respectively). Observe that the volume of the material included in Ω + h does not converge to zero as h tends to +∞.
We study the asymptotic behaviour of the solution u h , as h diverges, of the following Neumann problem:
where p is a given number in ]1, +∞[, f a given function in L p p−1 (Ω), a = (a 1 , · · · , a n ) a monotone continuous function from R n to R n satisfying usual growth conditions (see (1.2, 1.3)) and ν denotes the exterior unit normal to Ω h .
We denote by Ω + the smallest parallelepiped containing the sets Ω + h for every h and set Ω = Ω + ∪ Ω − ∪ Σ (see Fig. 3 ). Moreover, we denote by u h and ∂u h /∂x i the zero extension to Ω of u h and ∂u h /∂x i respectively. In a nutshell, we prove the existence of a function u in
is a weak solution of the following problem:
where u − (resp. u + ) denotes the restriction of u to Ω − (resp. Ω + ) and |ω| denotes the (n − 1)-dimensional Lebesgue-measure of the section {(x 1 , · · · , x n ) ∈ C : x n = 0} of the reference cylinder C (see Th. 1.2 and Cor. 1.3).
The limit behaviour of problem (0.1) with a(ξ) = ξ is studied by Brizzi and Chalot in [5, 6] and, with a non-homogeneous Neumann boundary condition, by Gaudiello in [16] .
The limit behaviour of problem (0.1) with a(ξ) = |ξ| p−2 ξ, p in [2, +∞[, is also obtained, using a few arguments of Γ-convergence, by Corbo Esposito, Donato, Gaudiello and Picard in [8] .
In the context of the asymptotic behaviour of thin plates or cylinders, similar limit problems are obtained in [19, 20] .
The goal of the present paper is to achieve the limit process in (0.1) through usual monotonicity methods.
For general references about homogenization, we refer to [2-4, 11, 24] . For the homogenization of quasilinear operators in other periodic frameworks, we refer to [10, 15] for the case of a fixed domain, to [1, 9, 14] for the case of periodically perforated domains and to [7] for reinforcement problems by a layer with oscillating thickness.
If the Neumann boundary condition in Problem (0.1) is replaced by the homogeneous Dirichlet condition u h = 0 on ∂Ω h , performing the limit process, as h diverges, becomes an easier task that is left to the reader (see e.g. [5, 13, 18, [21] [22] [23] for similar problems). In this case the limit problem reads as
As far as this Dirichlet problem is concerned, the lower order term |u h | p−2 u h may be removed in the whole analysis. By contrast, this term is in general necessary for the Neumann problem in order to derive an estimate on u h L p (Ω h ) (p > 1) independent of h, unless one has a Poincaré -Wirtinger inequality with a constant independent of h in W 1,p (Ω h ). This is still an open problem.
Statement of the problem and main results
Let
(1.1)
The generic point of R n will be denoted by
and a = (a 1 , · · · , a n ) a monotone continuous function from R n to R n satisfying the following conditions:
Let us consider the following Neumann problem:
where ν denotes the exterior unit normal to Ω h . It is well known (see [17] ) that problem (1.4) admits a unique
Our aim is to study the asymptotic behaviour of u h as h diverges.
We recall that a function of L p (Ω + ) with derivative with respect to x n in L p (Ω + ) admits a trace on Σ. Consequently, we introduce the space
where v − (resp. v + ) denotes the restriction of v to Ω − (resp. Ω + ), provided with the norm:
We refer to Proposition 4.1 of [8] for the following properties of V p (Ω):
Moreover, we recall that
where |ω| denotes the (n − 1)-dimensional Lebesgue measure of ω and χ A denotes the characteristic function of a set A.
In the sequel, v or [v] denotes the zero-extension to Ω of any (vector) function v defined on a subset of Ω.
The main result of this paper is given in the following theorem:
an increasing sequence of positive integer numbers, still denoted by {h} h∈N , and
and the function u in V p (Ω) satisfying problem (1.9) is unique. Moreover, the energies converge in the sense that:
(1.10)
If a is monotone, there is a unique function u in V p (Ω) satisfying problem (1.9) (see Step 10 of Sect. 2). Moreover, if a is strictly monotone, problem (1.9) admits a unique solution (u, (1.9) . Moreover, the convergence of the energies (1.10) holds. Remark 1.4. In the case a(ξ) = ξ, Corollary 1.3 is proved in [5, 6] by making use of a method introduced by Tartar in [25] (method of oscillating test functions).
The limit behaviour of problem (1.4) with a(ξ) = ξ and with a non-homogeneous Neumann boundary condition is studied in [16] . In this case, an additional term may appear in the limit equation.
In the case a(ξ) = |ξ| p−2 ξ, with p in [2, +∞[, Corollary 1.3 is also proved in [8] by following a method introduced by De Giorgi and Franzoni in [12] (Γ-convergence). In this case it results
and limit problem (1.9) assumes the following formulation: − and obtain the last equation in (1.9). Finally, we pass to the limit in (1.4) and we conclude with some results about the uniqueness of the solution of problem (1.9).
Proof of the results
The proof of Theorem 1.2 will be performed in 12 steps.
Proof of Theorem 1.2. The variational formulation of problem (1.4) is given by
In the sequel, c will denote any positive constant independent of h.
Step 
From (2.2) it follows that
Moreover, (1.3) and (2.2) provide that
By virtue of (2.2-2.4), there exists an increasing sequence of positive integer numbers, still denoted by {h} h∈N ,
n satisfying the following convergences:
as h diverges. A priori u, d, z and η could depend on the selected subsequence. In the sequel, {h} h∈N will denote the previous selected subsequence of N.
Step Step 3.
This step is devoted to the proof of
be a sequence in W 1,∞ (Ω + ) satisfying the following conditions:
13)
14)
The existence of such sequences is proved in [8] (Ω + ), as test functions in (2.1), by virtue of (2.14) we obtain 16) for any h in N and every i in {1, · · · , n − 1}. By passing to the limit, as h diverges, in (2.15, 2.16), convergences (1.6, 2.7, 2.8, 2.13) provide that
) 18) for every i in {1, · · · , n − 1}. Statement (2.12) is obtained by subtracting (2.17) from (2.18).
Step 4.
Convergence of the energies
By passing to the limit, as h diverges, in (2.1) with v in W 1,p (Ω), by virtue of (1.6, 2.7, 2.8, 2.12) we obtain
Consequently
On the other hand, by choosing v = u h as test function in (2.1), by virtue of (2.5) we obtain
Convergence (2.19) is obtained by comparing (2.21) with (2.22).
Step
Monotone relation
This step is devoted to the proof of (2.23) which will enable us to identify η, z and to derive the equation satisfied by u in Ω
. Since the functions a(ξ) and |t| p−2 t are monotone, we obtain
from which it follows that
By passing to the limit, as h diverges, in (2.24) and by making use of (1.3, 1.6, 2.5-2.9, 2.12, 2.19), we obtain
and inequality (2.23) is proved.
in (2.23) and by recalling (2.10), we obtain
By dividing (2.27) by t and by passing to the limit as t tends to zero, by virtue of the Lebesgue Theorem it follows that
which implies (2.25). Statement (2.26) can be proved in the same way, by choosing τ =
Step (2.23 ) and by recalling (2.10), we obtain
with t in (0, +∞) and ϕ in C ∞ 0 (Ω + ), in (2.29), we obtain By dividing (2.34) by t and by passing to the limit as t tends to zero, by virtue of the assumption on a and the Lebesgue Theorem it follows that
which implies (2.32).
